Abstract. We generalize Kawamata's product formula for volumes of canonical divisors to arbitrary divisors using the Okounkov bodies.
Introduction
The volume of a Q-divisor D on an n-dimensional smooth projective variety X is defined as vol X (D) := lim sup m→∞ h 0 (X, O X (⌊mD⌋)) m n /n! and the restricted volume of D on X along a subvariety V ⊆ X is defined as
The main result of this article is the following. 
Suppose furthermore that the coherent sheaf f * O X (mR) is weakly positive for every sufficiently divisible integer m > 0. Then we have
The last inequality improves the first one since vol F (R| F ) ≥ vol X|F (R) holds in general. This theorem gives a generalization of Kawamata's theorem [K2, Theorem 0.1] . Indeed, recall that f * ω ⊗m X/Y is weakly positive for every integer m > 0 by Viehweg [V1, Theorem III] . By letting D = K X in the second inequality of Theorem 1.1, we recover [K2, Theorem 0.1]. Corollary 1.2. Let f : X → Y be a surjective morphism between smooth projective varieties with connected fibers, and F a general fiber of f . Suppose that both Y and F are varieties of general type. Then we have
Notice that if Y or F is not of general type, then vol Y (K Y ) = 0 or vol F (K F ) = 0. Thus Corollary 1.2 holds without the assumption that both Y and F are of general type. Recall the conjecture of the subadditivity property for logarithmic Kodaira dimension considered in [Fn, Conjecture 1.2] : for an algebraic fiber space f : X → Y with a sufficiently general fiber F , if D X on X and D Y on Y are simple normal crossing effective divisors satisfying Suppf * D Y ⊆ SuppD X , then
It is tempting to expect that under the same assumptions, Corollary 1.2 holds, i.e.,
However, this expectation is far from truth. Example 4.1 shows that the expectation is not true even if (X, D X ) and (Y, D Y ) are klt pairs of log general type. See also Remark 4.2 for more discussion. Ever since the introduction of Okounkov bodies in [O1, O2] and the pioneering work by LazarsfeldMustaţȃ [LM] and Kaveh-Khovanskii [KK] , a remarkable progress has been made until recently. Due to the recent results, Okounkov bodies turned out to provide a new rich and useful source of understanding the positivity of divisors (see e.g., [CHPW1] , [KL1] , [KL2] , [R] ). The Okounkov body ∆ X• (D) associated to a divisor D on a smooth projective variety X is a closed and bounded convex subset of the Euclidean space R n where n = dim X. The delicate dependence of ∆ X• (D) on the admissible flags X • makes the theory more interesting and deeper. By definition, an admissible flag X • on X is a sequence of subvarieties
where each X i is an irreducible subvariety of codimension i in X that is smooth at the point x. See Section 2 for the precise construction of ∆ X• (D).
As already noted in [LM] and many other recent results, the Okounkov body renders many of the basic properties of asymptotic invariants of divisors in a transparent manner. One of the first fundamental results of [LM, KK] states that if D is a big divisor, then for any admissible flag X • on X, we have
where vol R n denotes the Euclidean volume. This result has been extended to pseudoeffective divisors in [CHPW2] . The results of [LM, KK] have also inspired a number of other extensions which allowed us to understand various positivity properties of divisors in terms of Okounkov bodies. By ( * ), the second inequality in Theorem 1.1 can be interpreted as 
Since F is a general fiber, it is easy to check that X • is an admissible flag on X. Let W • be a graded complete linear series of D on X restricted to F . First, we observe that
Note that the inclusion is an equality precisely if the Okounkov body ∆ X• (D) has the shape of a box 
In the proof of Theorem 1.3, we use the properties of Okounkov bodies in an essential way. See Section 3 for details. The equivalence (1) ⇔ (3) of Theorem 1.3 was announced by Tsuji in [T, Corollary 4.7] .
Example 4.3 shows that the inequality of Theorem 1.1 can be strict for a birationally isotrivial fibration. On the other hand, Example 4.4 shows that the inequality of Theorem 1.1 can be an equality for a non-birationally isotrivial fibration. One may say that the birational isotriviality of a fibration is governed by the property of the canonical divisors, not other divisors. These examples also show that the log version of Theorem 1.3 does not hold even for klt pairs.
The rest of the paper is organized as follows. We begin with Section 2 to recall some basic notions. Section 3 is devoted to proving our main results, Theorem 1.1, Corollary 1.2, and Theorem 1.3. In Section 4, we present relevant examples.
Aknowledgement. We would like to thank Constantin Shramov for informing us of [K2] .
Preliminaries
Throughout the paper, we work over the field C of complex numbers. A divisor always means a Q-Cartier Q-divisor.
In this section, we recall the relevant basic notions. Let X be an n-dimensional projective variety. An admissible flag X • on X is a sequence of irreducible subvarieties of X;
where each X i is of codimension i in X and smooth at the point X n . For a divisor D with
associated to X • as follows. For D ′ ∈ |D| Q , we first define
For i > 2, define ν i inductively as . Note that this definition is equivalent to the one in [LM, KK] where the above function ν X• is applied to the nonzero sections s of each piece H 0 (X, O X (mD)) of the graded section ring m≥0 H 0 (X, O X (mD)) and the Okounkov body ∆ X• (D) is defined as the convex closure of the set of rescaled images 1 m ν X• (s) in R n . This equivalent construction can be generalized to a graded linear (sub)series W • given by a divisor on X to construct the Okounkov body ∆ X• (W • ) associated to W • with respect to an admissible flag X • . Now, let W • = W • (D|X n−k ) be a graded linear series given by a divisor D on X restricted to X n−k : for each m > 0,
We may regard the partial admissible flag
as an admissible flag on X n−k that is a k-dimensional projective variety. We define the Okounkov body which we often regard as a subset of R n ≥0 ;
. For more details, we refer to [LM, KK, CHPW2] .
Definition 2.2. The Iitaka dimension of a divisor D on a smooth projective variety X is defined as Let us recall the definition of weak positivity due to Viehweg (see [V1] ).
Definition 2.4. Let F be a coherent torsion free sheaf on a smooth projective variety X. Let H be an ample Cartier divisor on X. For an open subset i : U ֒→ X, we say that F is weakly positive over U if F is locally free over U and if for every m > 0, there exists a positive integer k > 0 such thatŜ
is generated by global sections over U whereŜ r (F) = i * (S r (i * (F))), i.e.,
is surjective over U . We say that F is weakly positive if there exists an open subset U such that F is weakly positive over U . Clearly, the definition is independent of the choice of H.
Let us recall the definition of variation of a fibration due to Viehweg (see [V1] ).
Definition 2.5 ([V1]
). Let f : X → Y be a surjective morphism between smooth projective varieties with connected fibers. The variation of f , denoted by Var(f ), is the minimal number k such that there exist a subfield L ⊂ C(Y ) of transcendental degree k over C and a variety F over L with
Note that the following statements are equivalent:
(1) f is birationally isotrivial. 
Proofs of main results
In this section, we prove the theorems stated in the introduction. The following is one of the main ingredients in the proof of Theorem 1.1. 
Proof. In general, we only have
Thus it suffices to show that vol X|F (R) ≥ vol F (R| F ). Note first that by Lemma 2.3, D| F is big, hence so is R| F . Let H be an ample Cartier divisor on Y . For any ε > 0, by applying Fujita's approximation [Ft2, Theorem] to R| F , after replacing R and R| F by the pullbacks on a higher birational models of X and F , we can find a sufficiently large integer m 1 > 0 and a very ample
Due to the weak positivity condition, by taking a sufficiently divisible integer m 1 > 0, we may assume that
is generically generated by global sections for some integer k > 0.
For any integer m 0 > 0, we consider the natural map
Thus we have vol
Since ε can be arbitrarily small and m 1 can be arbitrarily large, it follows that
for any sufficiently large integer m > 0. Consider an admissible flag X • on X with X dim X−dim F = F . Since F is a general fiber of f , we may assume that
By [CPW, 
This completes the proof.
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. By Lemma 2.3, R| F = D| F is a big divisor on a general fiber F of f : X → Y . Let Y • be an admissible flag on Y such that f −1 (Y dim Y ) = F , and F • an admissible flag on F . We now consider a fiber-type flag X • associated to Y • on Y and F • on F . Recall that it is an admissible flag on X such that
. By the convexity of Okounkov bodies, we obtain
This implies that
Thus the first assertion follows from [LM, Theorem A and (2.7) in p.804]. If f * O X (mR) is weakly positive for every sufficiently divisible integer m > 0, then by Lemma 3.1, we have
Thus the second assertion then follows from the first assertion.
By 
If one of the inclusions is strict, then we have the strict inequality
By [LM, Theorem A], we get a contradiction to the condition (1).
(2) ⇒ (3): Suppose that f is not birationally isotrivial, i.e., Var(f ) > 0. Then by Theorem 2.6,
As in the proof of (1) ⇒ (2), we consider again a fiber-type flag X • on X associated to admissible flags Y • and F • on Y and F , respectively. Recall then that we have
. By the definition of the Okounkov body, this means that the support of any effective divisor linearly equivalent to mK X/Y for any m ≥ 1 does not contain F . Thus we see that
is injective for every m ≥ 1. Therefore, we have κ(K X/Y ) ≤ dim F , which is a contradiction to that κ(K X/Y ) > dim F . We have shown the claim. Now, by the claim, there exists a point
Thus we obtain
and hence, we get a contradiction to the condition (2). (3) ⇒ (1): Suppose that f : X → Y is a birationally isotrivial fibration and F is its general fiber. Then there exist a generically finite cover τ : Y ′ → Y with Y ′ smooth and a surjective morphism f ′ : X ′ → Y ′ of smooth projective varieties with connected fibers such that X ′ is birational to F × Y ′ and there is a generically finite surjective morphism τ ′ : X ′ → X. We may assume that there is a birational morphism g : X ′ → Y ′ × F . Denote the natural projections by p 1 : F × Y ′ → F and p 2 : F × Y ′ → Y ′ . We obtain the following commutative diagram
is a simple normal crossing boundary divisor on X and (X, ∆ X ) is a klt pair. One can easily check that
Furthermore, K X + ∆ X ∼ T + 6F is ample and (K X + ∆ X )| F ∼ Q T | F is linearly equivalent to one point on F ≃ P 1 . Since Supp(f * 2∆ C ) ⊆ Supp(∆ X ), the algebraic fiber space f : X → C and log pairs (X, ∆ X ), (C, 2∆ C ) satisfy the conditions in [Fn, Conjecture 1.2] . However, we have vol X (K X + ∆ X ) = 10, vol C (K C + 2∆ C ) = 6, and vol
Remark 4.2. In Example 4.1, we also see that
is not weakly positive for any m > 0. On the other hand, by [C, Theorem 4.13] , if f : X → Y is an algebraic fiber space and ∆ X is a simple normal crossing effective divisor on
is weakly positive for any sufficiently divisible integer m > 0. Under this setting, by Theorem 1.1, we have vol
However, Theorem 1.3 may not hold under this setting because if ∆ X contains an ample divisor, then the inequality is strict.
The next two examples show that the equality in Theorem 1.1 is not equivalent to the birational isotriviality of the algebraic fiber space f : X → Y in general. In particular, we also see that Theorem 1.3 does not hold in the log setting.
Example 4.3. Let E be a rank 2 vector bundle on a smooth projective curve C, and X := P(E) a ruled surface with a tautological divisor T on X so that O X (T ) = O P(E) (1). Let f : X → C be a canonical projection, and F a general fiber of f . Note that f is an isotrivial fibration. By tensoring an ample divisor to E, we may assume that the coherent sheaf f * O X (mT ) is weakly positive for every integer m > 0 and T 2 > 0. We can choose a, b ∈ Z >0 such that the divisor D = aF + bT on X is ample. We can write aF = f * D C for some effective divisor D C on C so that D = f * D C + bT . Then we have vol
This implies that vol
even though f is isotrivial. Note that we can find a, b ∈ Z >0 such that D − K X , D C − K C , and bT | F − K F are ample simultaneously. Thus there are effective divisors ∆ ∼ Q D − K X , ∆ C ∼ Q D C − K C , and ∆ F ∼ Q bT | F − K F such that (X, ∆), (C, ∆ C ), and (F, ∆ F ) are klt pairs and K X + ∆, K C + ∆ C , K F + ∆ F are big divisors. Even though K X + ∆ ∼ Q f * (K C + ∆ C ) + bT , we have
Example 4.4. Let X be a K3 surface admitting two distinct elliptic fibrations f i : X → P 1 with F i a general fiber for i = 1 and 2. We have F 1 · F 2 > 0. Note that since a K3 surface is not uniruled, any elliptic fibration of a K3 surface is not birationally isotrivial. It is easy to see that the coherent sheaf f 1 * O X (mF 2 ) is weakly positive for every integer m > 0. Consider a divisor D = aF 1 + bF 2 on X for a, b ∈ Q >0 . We can write aF 1 = f * 1 D 1 for some divisor D 1 on P 1 so that D = f * 1 D 1 + bF 2 . Then we have vol X (D) = 2ab(F 1 · F 2 ), vol P 1 (D 1 ) = a, and vol F 1 (bF 2 | F 1 ) = b(F 1 · F 2 ). This shows that vol X (D) 2 = vol P 1 (D 1 ) · vol F 1 (bF 2 | F 1 ) even though f is not birationally isotrivial.
In a similar way to the example above, we can choose a, b ∈ Z >0 such that D = D − K X , D 1 − K P 1 , and bF 2 | F 1 − K F 1 are ample simultaneously. Thus there are effective divisors ∆ ∼ Q D, ∆ 1 ∼ Q D 1 − K P 1 and ∆ 2 ∼ Q bF 2 | F 1 − K F 1 such that (X, ∆), (P 1 , ∆ 1 ), and (F 1 , ∆ 2 ) are klt pairs and K X + ∆, K P 1 + ∆ 1 , and K F 1 + ∆ 2 are big divisors. Even though K X + D ∼ Q f * 1 (K P 1 + ∆ 1 ) + bF 2 , the following equality holds:
